We consider the problem of maximizing the expected logarithmic utility from consumption or terminal wealth in a general semimartingale market model. The solution is given explicitly in terms of the semimartingale characteristics of the securities price process.
Introduction
A classical problem in mathematical finance is the computation of optimal portfolios, where optimal here refers to maximization of expected utility from terminal wealth or consumption (cf. Korn (1997) for a well-written introduction). Merton (1969 Merton ( , 1971 determined optimal strategies in a Markovian Itô-process setting using a dynamic programming approach. The Hamilton-Jacobi-Bellman equation from stochastic control theory leads to a non-linear partial differential equation (PDE) for the optimal expected utility as a function of time and current wealth. If one can solve this PDE, the optimal portfolio is immediately obtained. In multiperiod discrete-time models, a similar approach leads to a recursive equation instead of a PDE (cf. Mossin (1968) , Samuelson (1969) , Hakansson (1970 Hakansson ( , 1971 ). Harrison & Kreps (1979) and Harrison & Pliska (1981) introduced the martingale methodology to finance. They relate absence of arbitrage and completeness of securities markets to the existence resp. uniqueness of equivalent martingale measures. Their results were applied by Pliska (1986) , Karatzas et al. (1987) and Cox & Huang (1989) to portfolio optimization in complete models. With the help of the pricing measure, they can determine the optimal terminal wealth basically as in a simple one-period model. The corresponding generating trading strategy is computed in a second step. Using a different terminology, this alternative path to portfolio optimization had already been discovered by Bismut (1975) .
Applying duality methods, the martingale approach could be generalized to incomplete models by He & Pearson (1991a,b) , Karatzas et al. (1991) , Cvitanić & Karatzas (1992) , Institut für Mathematische Stochastik, Universität Freiburg, Eckerstraße 1, D-79104 Freiburg i. Br., Germany, (e-mail: goll@stochastik.uni-freiburg.de, kallsen@stochastik.uni-freiburg.de) Kramkov & Schachermayer (1999) , Schachermayer (1999) . Roughly speaking, the optimal portfolio and wealth process in the given incomplete model and in a fictious completed market coincide if the completion is performed in the least favourable manner (cf. also Kallsen (1998) ).
It is usually quite hard to compute optimal strategies explicitly unless the market is of a certain simple structure (e.g. time-homogeneous, cf. Samuelson (1969) , Merton (1969) , Framstad et al. (1999) , Benth et al. (1999) , Kallsen (1999) ) or the logarithm is chosen as utility function (cf. Hakansson (1971) in discrete time, Merton (1971) for continuous Markov processes, Aase (1984) for a class of processes with jumps, and Karatzas et al. (1991) , Cvitanić & Karatzas (1992) in an Itô-process setting). Since we want to restrict the class of market models as little as possible, we consider logarithmic utility in this paper. Optimal trading and consumption strategies are determined in a general semimartingale setting, yielding earlier results as special cases (cf. Section 4).
Intuitively speaking, the optimal portfolio depends only on the local behaviour of the price process in the case of logarithmic utility. Since the characteristics in the sense of Jacod (1979) , Jacod & Shiryaev (1987) describe exactly this local behaviour of a semimartingale, they turn out to be the appropriate tool at hand. Moreover, they provide a framework in which very diverse models can be expressed.
The paper is organized as follows. In Section 2 we state the problem and our version of the above-mentioned duality link to martingale measures. The explicit solution in terms of the characteristics of the price process can be found in the subsequent section. Various examples are given in Section 4. Finally, the appendix contains results from stochastic calculus that are needed in Sections 3 and 4.
We generally use the notation of Jacod & Shiryaev (1987) and Jacod (1979 Jacod ( , 1980 
Optimal Portfolios and Martingale Measures
Our mathematical framework for a frictionless market model is as follows. We work with a filtered probability space ( ; F; (F t ) t2R + ; P) in the sense of Jacod & Shiryaev (1987) 
Remarks.
1. Suppose that E( R T 0 j log(S 0 t )jdK t ) < 1. If ('; ) is an optimal portfolio/consumption pair, then it maximizes also (e '; e ) 7 ! E( R T 0 log(e t S 0 t )dK t ) (i.e., the expected logarithm of undiscounted consumption) over all (e '; e ) 2 P.
2. Suppose that S 0 is a semimartingale and E(j log(S 0 T )j) < 1. If ' is an optimal portfolio for terminal wealth, then it maximizes also e ' 7 ! E(log("S 0 
PROOF. Let (T n ) n2N be a sequence of stopping times with T n " 1 P-almost surely and such that Z Tn is a martingale for any n. Fix n 2 N. Then " K T Z Tn^T is the density of a probability measure P ? P. Since Z Tn^T b S Tn^T = (Z b S) Tn^T is a local martingale, b S Tn^T is a P ? -local martingale (cf. Jacod & Shiryaev (1987) Kramkov & Schachermayer (1999) showed that an optimal portfolio for terminal wealth necessarily solves an equation of the form " +
where Z is some non-negative process such that (Z b S) T is a supermartingale.
3. Using a different language, a version of the previous lemma can be found in Karatzas et al. (1991) , Theorem 9.3. The proof of Lemma 2.3 is essentially classical (cf. e.g. the proof of Theorem 2.0 in Kramkov & Schachermayer (1999) ).
4. An inspection of the proof reveals that the assumptions in Lemma 2.3 can be slightly relaxed. If (Z b S) T is not a local martingale, then the resulting inequality still holds for any ('; ) 2 P such that E P ? (' > b S Tn^T ) 0 for any n 2 N, where P ? is defined as in that proof. This fact will allow us to consider some constrained optimization problems as well (cf. Corollary 3.2).
The following lemma adresses the uniqueness of optimal portfolio/consumption pairs. PROOF. Let ('; ); (e '; e ) 2 P be optimal portfolio/consumption pairs. 
Since the logarithm is concave, the integrand log(b t ) ? 1 2 (log( t ) + log(e t )) is non-negative, which implies that it is 0 (P K)-almost everywhere. Therefore e = (P K)-almost everywhere because the logarithm is strictly concave.
Second step: Let t 0 2 0; T] with K t 0 ? < K T , moreover A := fV t 0 ('; ) < V t 0 (e '; e )g 2 F t 0 and D := 1 A (V t 0 (e '; e )?V t 0 ('; )) 0. Define a new portfolio/consumption pair ('; ) Remark. If K 1 := lim t!1 K t < 1, then Definition 2.2 makes sense for T = 1 as well.
In this case, Lemmas 2.3 and 2.4 still hold. We do not want to consider terminal wealth for T = 1, since the limit
Solution in Terms of Characteristics
In this section, we turn to the explicit solution of the logarithmic utility maximization prob- where A 2 A + loc is a predictable process, b is a predictable R d -valued process, c is a predictable R d d -valued process whose values are non-negative, symmetric matrices, and F is a transition kernel from ( R + ; P) into (R d ; B d ). By Jacod & Shiryaev (1987) , Proposition II.2.9 such a representation always exists. Corollary 5.7 shows how to obtain (b; c; F) if the characteristics of the undiscounted price process S are known.
We are now ready to establish the main result of this paper. 1 + H > x1 C (x)) t , which equals the right-hand side of Equation (3.3).
Third step: Fix i 2 f1; : : : ; dg. For fixed t, Jacod & Shiryaev (1987) 3. Since we have ' i t = H i t V t? , the optimal portfolio is proportionate to the current discounted wealth. The factor H t depends only on the local behaviour of the price process. This reflects the well-known fact that the logarithmic utility is myopic (cf. Mossin (1968) , Hakansson (1971) ).
4. In the terminal wealth case, the crucial condition (3.2) allows a nice interpretation in terms of the portfolio return process R := log(V ) = log(" + R 0 ' > s d b S s ). Let ' 2 S be any trading strategy such that R is a special semimartingale, i.e. such that R can be decomposed into a predictable process of finite variation D (drift process) and a local martingale. By Jacod & Shiryaev (1987) exactly Equation (3.2) as a condition for maximal points of this function. In this sense, optimal trading means pointwise maximization of the drift rate of the portfolio return process.
In
global maximum of D T as a function of H. One may now loosely reason that the martingale part of R does not contribute to the expected value E(R T ) so that our candidate H indeed maximizes the expected logarithmic terminal wealth. However, since local martingales need not be martingales and because of other technical obstacles, it would require some efforts to make this intuitive argument precise (cf. Aase (1984) in this context).
5. Note that solving the reduced maximization problem (18) in Aase (1984) following Lemma 2.3, we are done.
Remarks.
1. The remarks following Theorem 3.1 hold accordingly. Moreover, the uniqueness result Lemma 2.4 applies to the constrained case as well.
2. In the proof of Corollary 3.2 the solution to the constrained optimization problem is obtained by solving a related perturbed unconstrained problem. This is a standard approach in convex optimization (cf. e.g. Rockafellar (1970) Unfortunately, such a generalization is only of limited use for hedging problems where ' i itself is fixed for the security i that is to be hedged. In this case, the optimal solution may no longer depend only on the local behaviour of the securities price process b S.
Examples
In this section we consider several particular settings where the conditions in Theorem 3.1 can be reformulated in different terms. The resulting optimal consumption/portfolio pairs are essentially well known for Itô processes and discrete-time models. As far as we know, the general exponential Lévy process setting has not been treated yet for logarithmic utility (but cf. Benth et al. (1999) , Kallsen (1999) ). In this case, the process is of the form t = "
can be interpreted as the fraction of current wealth that is invested in security i. Note that it does not depend on t resp. T. This surprising fact has already been pointed out by Mossin (1968) and Samuelson (1969) . The process in Theorem 3.1 is of the form = "
. These results coincide with those derived by Merton (1969 Merton ( , 1971 , Karatzas et al. (1991) , Cvitanić & Karatzas (1992) . L. In the last couple of years, processes of this type have become popular for securities models, since they are mathematically tractable and provide a good fit to real data (cf. Eberlein & Keller (1995) , Eberlein et al. (1998) , Madan & Senata (1990) , Barndorff-Nielsen (1998) ). In this setting, Conditions 1-3 in Theorem 3.1 can be replaced with the following assumption: There exists some 2 R d such that Remark. In spite of its generality, Theorem 3.1 does not provide a necessary condition. Kramkov & Schachermayer (1999) give an example (Example 5.1 bis in that paper) where Equation (3.2) has no solution but an optimal portfolio for terminal wealth still exists.
Appendix
In this section, we state results from stochastic calculus which are needed in the previous sections. Partially, they are of interest in their own right. Some of them are slight generalisations of properties that can be found in Jacod (1979) , Jacod & Shiryaev (1987) , or other textbooks. Truncation functions h; h d ; h d+1 ; h n on R; R d ; R d+1 ; R n , respectively, are supposed to be fixed in the appendix. We start with three technical propositions. and H > (K X) = (HK) > X by part 1 and 2. If, on the other hand, HK 2 L(X), then HK 2 L 1 loc (N) \ L s (B) again by Jacod (1980) , Proposition 3. As before, the statement follows from part 1 and 2.
4. This is proved along the same lines as statements 1-3. 3. Let D := fj Xj > 1g fjH > Xj > 1g. Equation (5.5) follows from the canonical representation of the special semimartingale X D := X ?X 0 ?x1 (x) X (cf. Jacod & Shiryaev (1987) 
The following lemma is a simple reformulation of Itô' s formula. PROOF. f(X) t = f(X t? + X t ) ? f(X t? ) implies f(X) ( 0; t] G) = 1 G (f(X ? + x) ? f(X ? )) t and hence Equation (5.9). From the previous lemma and the canonical representation of X (cf. Jacod & Shiryaev (1987) Jacod & Shiryaev (1987) Obviously, e L is a Lévy process. Its triplet is immediately obtained from Statement 1.
